GENERALIZED GEVREY ULTRADISTRIBUTIONS 
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Abstract. We first introduce new algebras of generalized functions containing Gevrey ultra- 
distributions and then develop a Gevrey microlocal analysis suitable for these algebras. Finally, 
we give an application through an extension of the well-known Hormander's theorem on the 
wave front of the product of two distributions. 



1. Introduction 



The theory of generalized functions initiated by J. F. Colombeau, see jl] and [5J, in connection 
with the problem of multiplication of Schwartz distributions [20J, has been developed and 
applied in nonlinear and linear problems, [3], [T7] and [IB]. The recent book [7J gives further 
developments and applications of such generalized functions. Some methods of constructing 
algebras of generalized functions of Colombeau type are given in [JJ, [7J and [To] . 

Ultradistributions, important in theoretical as well applied fields, see [13], [Hj and [T5] . are 
natural generalization of Schwartz distributions, and the problem of multiplication of ultra- 
distributions is still posed. So, it is natural to search for algebras of generalized functions 
containing spaces of ultradistributions, to study and to apply them. This is the purpose of this 
paper. 

First, we introduce new differential algebras of generalized Gevrey ultradistributions Q a (Q) 
defined on an open set Q of R" as the quotient algebra 



where S^(Q) is the space of (f e ) e G C°° (fi) JU,1J satisfying for every compact K of Vt, Ma G 
Zip, 3k > 0, 3c> 0, 3e G ]0, 1] , We < e , 



and M a (f2) is the space of (f e ) e G C°° (Qy ' ' satisfying for every compact K of il,\/a G 
Z™ VA; > 0, 3c> 0, 3e G ]0, 1] , We < e , 



The functor Q — ► Q a (Q) being a sheaf of differential algebras on M n , we show that Q a (Q) 
contains the space of Gevrey ultradistributions of order (3cr — 1), and the following diagram of 
embeddings is commutative 



jV ct (O) 
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We then develop a Gevrey microlocal analysis adapted to these algebras in the spirit of 
[10] . [19] and [16]. The starting point of the Gevrey microlocal analysis in the framework 
of the algebra G cr (Q) consists first in introducing the algebra of regular generalized Gevrey 
ultradistributions Q cr,oc (Q) and then to prove the following fundamental result 

g^(n)nD' 3a _ 1 (n) = E°(n) 

The functor Q — > Q a '°° (Vt) is a subsheaf of Q° ' . This permits to define the generalized Gevrey 
singular support and then, with the help of the Fourier transform, the generalized Gevrey wave 
front of f G Q a denoted WF* (/), and further to give its main properties, as WF° (T) = 
WF a (T) , if T G D'^ (Q) n G u (fi) , and 

WF° (P (x, D) f) c WF° (f) , V/ G Q a (O) , 

if P (x, D) = ^2 a a (x) D a is a partial differential operator with Q ^ coefficients. 

|a|<m 

Let us note that in [3], the authors introduced a general well adapted local and microlocal 
ultraregular analysis whitin Colombeau algebra Q (Q). 

Finally, we give an application of the introduced generalized Gevrey microlocal analysis. 
The product of two generalized Gevrey ultradistributions always exists, but there is no final 
description of the generalized wave front of this product. Such problem is also still posed in 
the Colombeau algebra. In [TT] . the well-known Hormander's result on the wave front of the 
product of two distributions, has been extended to the case of two Colombeau generalized 
functions. We show this result in the case of two generalized Gevrey ultradistributions, namely 
we obtain the following result : let f,g G Q a (Q), satisfying Va; G f2, 

{x,0)$WFZ{f)+WFZ{g), 

then 

WF° g (fg) C (WFf (f) + WF° g (g)) U WF° (f) U WF° (g) 

2. Generalized Gevrey ultradistributions 

To define the algebra of generalized Gevrey ultradistributions, we first introduce the algebra 
of moderate elements and its ideal of null elements depending on the Gevrey order a > 1. The 
set Q is a non void open of M n . 

Definition 1. The space of moderate elements, denoted (fi) , is the space o/(/ e ) G C°° (SI)' ' 1 
satisfying for every compact K ofQ, Va G Z™, 3k > 0, 3c > 0, 3e G ]0, 1] , Ve < Sq, 

(1) sup \d a f £ (x)\ < cexp (fe^^r J 

The space of null elements, denoted M" (Q) , is the space of (f £ ) £ G C°° (fi)' ' 1 ' satisfying for 
every compact K o/Q,Va G Z™, VA; > 0, 3c> 0, 3e G ]0, 1] , Ve < e , 

(2) sup \d a f e (x)\ < cexp ( -ke~^~^ ) 

The main properties of the spaces (Q) and M a (Q) are given in the following proposition. 
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Proposition 1.1) The space of moderate elements (fl) is an algebra stable by derivation. 
2) The space M a (fi) is an ideal of (fi) . 

Proof. 1) Let (/ e ) e , {g e ) £ G E a m (fi) and K be a compact of ft, then V/3 G Z™, 3fei = h (f3) > 
0, 3d = ci (/3) > 0, 3e 1/9 G ]0, 1] , Ve < £1/3, 

(3) sup 1 (x) I < c\ exp ( k\e~ 2 ^- 1 ) , 

V/3 G Z™, 3A; 2 = £; 2 (/3) > 0, 3c 2 = c 2 (/3) > 0, 3e 2/3 G ]0, 1] , We < e 2(3 , 

(4) sup \d^g £ (x)\ < c 2 exp (k 2 e~i°^ 



Let a G Z™, then 



|9 Q (f £ g £ ) (x)\<J2( a J \d a -?f £ (x)\ \d?g £ 

(5=0 v 5 ' 



For k = max {k\ (/?) \ (3 < a) + max {k 2 (/3) : /3 < a} , e < min {£1/3, £ 2( g; |/3| < |a|} and x E K, 
we have 

exp(-fe-^T)|^(/^ £ )(x)| < ^Hexp^e-^l^/eCx)! 

x exp ^— /c 2 e~2^rj j^^e (a?) I 

(a-/3)c 2 (/3) = c(a), 



< 

0=0 



i.e. e££(0). 

It is clear, from (jHD that for every compact X of Q, V/3 G Z™, 3&i = fci (/? + 1) > 0, 3ci = 
ci (/3 + 1) > 0, 3e^ G ]0, 1] such that Vr E K,\/e < e ll3 , 

\d?{df e ) (x)\ < Ciexp (kte'^J , 

i.e. (5/ e ).G^(n). 

2) If (&) e G A/" CT (SI) , for every K compact of Q, V/3 G Z™, Vfc 2 > 0, 3c 2 = c 2 (/3, fc 2 ) > 0, 3e 2l3 G 
]0, 1] , 

\d a g £ {x)\ < c 2 exp (-k 2 e~^=A ,\/x E K,\/e < e 2f3 
Let a G Z™ and > 0, then 

exp (ke-^) \d a (f £ g £ ) (x)\ < exp (feT*^) £ (fj l^/. 

X |9"»e <X)| 
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Let ki = max {k\ (0) ; j3 < a} + k and e < min {eip, 62/3] /3 < a} , then Vx G K, 

exp (ke~^) \d a (f £ g £ ) (x)\ < £ (") [exp (-^e"^) \d°"^f e (x)\ 

(3=0 

x exp f/c 2 £~^=i^ |9^ £ (a;) J 
- ( ^ ) c i (« ~ ^) c 2 (^> fc 2) =c{a,k), 

which shows that (/ e ^ e ) e G A/" CT (Q) □ 

Remark 1. T/ie algebra of moderate elements (Q) is not necessary stable by a—ultradifferentiable 
operators, because the constant cinQ dependents of a. 

According to the topological construction of Colombeau type algebras of generalized func- 
tions, we introduce the desired algebras. 

Definition 2. The algebra of generalized Gevrey ultradistributions of order a > 1, denoted 
Q a (Q) , is the quotient algebra 

no fc>\ ^™ (^) 

9 {n) = JFW) 

A comparison of the structure of our algebras Q a (fl) and the Colombeau algebra Q (Q) is 
given in the following remark. 

Remark 2. The Colombeau algebra Q (fi) := ^ff^ , where E m {^X) is the space of (f £ ) e G 
C°° {Q) m satisfying for every compact K ofQ, Vet G Z™, 3k > 0, 3c> 0, 3e G ]0, 1] , Ve < e , 

sup\d a f E (x)\ <ce-\ 

andN ' (fl) is the space of(f e ) e G C°° (f^ ' 1 ' satisfying for every compact K ofVL^/a G Z™, V/c > 
0,3c> 0, 3e G ]0,1] ,Ve < e 0j 

sup\d a f £ (x)\<ce k 

x£K 

Due to the inequality 

exp (-e~^=* ) < e, Ve G ]0, 1] , 

we /jave i/ie stn'ct inclusions M a (fi) C A/" T (f)) cJV(fl) C £ m (O) C £^ (fi) C £^ (fi) , witfi 
a < T. 

We have the null characterization of the ideal Af a (O). 

Proposition 2. Lei (w e ) e G £^ (fl) , t/ien (u e ) £ G A/" " (fl) i/ and only if for every compact K of 
tt, Vk > 0, 3c> 0, 3e G ]0, 1] , Ve < e , 

(5) sup |/ e (x)| < cexp ( — ke^z^ ) 

Proof. Let (« e ) e G £^ (fl) satisfying (jSJ), we will show that (diU e ) € satisfy (jSJ) when i — 1, ..,m, 
and then it will follow by induction that (w e ) e G A/" CT (fl) . 

Suppose that w e has a real values, in the complex case we do the calculus separately for 
the real and imaginary part of u e . Let if be a compact of Q, for 5 = min (1, dist (K, dQ)), set 
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L = K + B (0, |), then K CC L CC Vt. By the moderateness of (u e ) E , we have 3ki > 0, 3c\ > 0, 
3eiG]0,l],Ve<ei 

(6) sup \d?u e (x) I < c\ exp ( kis^ 2 *- 1 

By the assumption flS}, VA; > 0, 3c 2 > 0, 3e 2 G ]0, 1] , Ve < e 2 

(7) sup | iz e < C2 exp ( — (2/c + ki) e^ 2 *- 1 



Let x G if, £ sufficiently small and r = exp ^— (& + &i)e 2 CT -i^ < |. By Taylor's formula, we 
have 

q / \ (u e (x + rei) -u e {x)) 1 2 
c/jU e x = - — — -oju e (x + Ore,:) r 



where is i vector of the canonical base of M m , hence (x + Orei) G L, and then 
\diU e (x)\ < \u e (x + re,) — -u e (x) \ r _1 + - |c\ 2 w e (x + 6rei) \ r 

From (El) and (J7J) : |w e (x + rei) — u t (x)\ r _1 < c 2 exp (^—ke^ 2 *- 1 ^ and |cfw e (x + 9re.j)\ r < 
Ciexp ^— ke^ 2 *- 1 j , so 

< cexp ^— ke^ 2 *- 1 j , 

which gives the proof. □ 

Proposition 3. If P is a polynomial function and f = cl (f £ ) £ G Q G pi) , then P (/) = 
(P (/ 6 )) e + 7V a (O) is well defined element of Q a pi) . 

Proof. Let (f £ ) £ G £^ pi), P (£) = X] a a£ a an d if be a compact of Q, then we have Wa G 

a | < m 

Z™, 3k = k (a) >0,3c = c (a) > 0, 3e = e (a) G ]0, 1] , Ve < e , 
(8) sup \d a f £ (x)\ < cexp ike' 2 ^ ) 

Let /3 G Z™, so 

\dPP(f g )(x)\ < K\\^fe( 



by Leibniz formula and (jHJ), we obtain 

l^-PC/e) 0*0 1 < 5^ ( exp (*Vr £ ~^ 

|a|<m 

7</3 

where c aa > and n an G Z+. Hence 

|^P(/ £ ) (x)\ < cexp ^jfee"3^i 
One can easily cheek that if (/ e ) e G N a p) , then (P (f e )) £ G A/'' 7 p) □ 

The space of functions slowly increasing, denoted Om (IK m ) , is the space of C°°-functions all 
derivatives growing at most like some power of \x\ , as \x\ — > +oo, where K m ~ M. m or M 2m . 
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Corollary 4. Ifv G O m (K m ) and f = (f u f 2 , f m ) G £ CT (fi) m , thenvof := («o/ £ ) £ +^(H) 
is a well defined element of Q a (Q) . 

3. Generalized point values 
The ring of Gevrey generalized complex numbers, denoted C a , is defined by the quotient 

Ca 

r a — 



where 



and 



£° = {(a £ ) £ G (d ' 1 !; 3k > 0, 3c> 0, 3e G ]0, 1] , such that 

We < e , \a £ \ < cexp (ke^ 2 *- 1 ^ j 



A/" CT = {(a £ ) £ G Cl ' 1 !; VA; > 0, 3c> 0, 3e G ]0, 1] , such that 

We < e , \a £ \ < cexp ^— ke" 2 ^ 1 j | 

It is not difficult to see that £$ is an algebra and Mq is an ideal of £$ . The ring C a motivates 
the following, easy to prove, result. 

Proposition 5. If u G (fi) and x G £/ien £/ie element u (x) represented by (u £ (x)) is an 
element of C a independent of the representative (u e ) £ of u. 

A generalized Gevrey ultradistribution is not defined by their point values, we give here an 
example of generalized Gevrey ultradistribution / = [(/ e ) e ] ^ M a (R), but [(/ e (x)) e ] G A/" CT for 
every x G R. Let if G D (R) such that ip (0) ^ 0. For e G ]0, 1] , define 

f £ (x) = xexp ^— e^^r j (p ^-^j ) x G R 
It is clear that (f £ ) £ G £^ (R). Let K be a compact neighborhood of 0, then 

sup |f (x)\ > \f' £ (0)1 = exp (-e-=b) ^ (0)| , 

which show that (/ £ ) £ ^ A/" CT (R). For any x G R, there exists e Q such that </? (^) = 0, We < e , 

i.e. /!./•„) e a;;-. ' 

In order to give a solution to this situation, set 



i 

ke 



(9) = | (x e ) e G fi ]0 ' 1] : 3A; > 0, 3c> 0, 3s > 0, We < e , \x £ \ < ce 
Define in Q? M the equivalence relation by 

(10) x £ ~ y £ Wk > 0, 3c > 0, 3e > 0, We < e , \x £ - y £ \ < ce~ ke ~^ 

Definition 3. The set Q a = £l c M j ~ is called the set of generalized Gevrey points. The set of 
compactly supported Gevrey points is defined by 

(11) Q° c = jrr = [(x £ ) £ ] G fT :3K a compact set of Q, 3e > 0, We < e , x £ G x| 
Remark 3. It is easy to see that Q^-property does not depend on the choice of the representative. 
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Proposition 6. Let f G Q a (ft) and x = [(x e ) £ ] G ft£, then the generalized Gevrey point value 
of f at x, i.e. 

f(x) = [(f £ (x £ )) £ ] 

is a well-defined element of the algebra of generalized Gevrey complex numbers C a '. 

Proof. Let / G Q a (ft) and x = [{x e ) £ ] G ft£, there exists a compact K of ft such that x £ G K 
for s small, then 3k > 0, 3c > 0, 3e > 0, Ve < e Q , 



|/ B (z e )| < sup \f £ (x)\ < cexp ( ke ^-j 



Therefore (/ e (ar e )) B G £ ff , and it is clear that if / G M a (ft) , then (/ e (ac e )) 6 G W a , i.e. / (x) 
does not depend on the choice of the representative (f £ ) s . 

Let now x = [(x £ ) £ ] ~ y = [(y e ) e ], then V/c > 0, 3c > 0, 3e > 0, Ve < e , 



l^e — Ue\ < cexp ^— a*- 1 
Since (/ E ) £ G £ CT (ft) , so for every compact K of ft, Vj G {1, m} , 3fcj > 0, 3cj > 0, 3ej > 0, We < 

d 



£j, 



sup 

x<=K 



dXj 



fe(x) 



< Cj exp ( kjE 2ct - x 



We have 



\fe(x £ )-f £ (y £ )\<\x £ -y £ \J2j^ [g^fej 



{x £ + t{y £ - x £ )) 



dt, 



and x £ + t (y £ — x £ ) remains within some compact K of ft for e < e'. Let fc' > 0, then for 
k + k' = sup kj and e < min (e', e , Sj :i — 1, rn) , we have 

3 

\fe (x £ ) - f £ (y e )\ < cexp {-k'e-^j , 

which gives (f £ (x £ ) - f £ (y e )) e G 7V CT . □ 

The characterization of nullity of / G (? CT (ft) is given by the following theorem. 

Theorem 7. Lei f E G a (ft) , t/ien 

/ = in £ CT (ft) / (z) = in C u for all x G ft* 

Proo/. It is easy to see that if / G N a (ft) then / (x) G 7V CT , V5; G ft* Suppose that / ^ in 
C?' 7 (ft) , then by the characterization of M a (ft) we have, there exists a compact K of ft, 3k > 
0,Vc > 0,Ve > 0,3e < e 0j 

sup \f £ (x)\ > cexp ( — ke~ 2a - x ) 
So there exists a sequence e m \ and x m G if such that Vm G Z + , 

(12) IA ra Wl > exp {-ke^ 1 

For e > we set x £ = x m when e m+ i < e < e m . We have (x s ) £ G ft^ with values in K, so 
x = [{x £ ) £ ] G ft a and (ED means that (f £ (x E )) 6 <£ A/" CT , i.e. / (x) ^ in C 7 . □ 
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4. Embedding of Gevrey ultradistributions with compact support 

We recall some definitions and results on Gevrey ultradistributions, see [13], [H] or [i~9] . 

Definition 4. A function f G E u (O) , if f G C°° (O) and /or every compact K of Q, 3c > 
0,Va G Z™, 

sup|<9 a /(x)| <c H+1 

Obviously we have E l (O) C £ CT (ft) if 1 < t < a. It is well known that E 1 (ft) = A (ft) is the 
space of all real analytic functions in ft. Denote by D a (ft) the space E a (ft) D (ft) , then 
D a (ft) is non trivial if and only if a > 1. The topological dual of D a (ft) , denoted D' a (ft) , is 
called the space of Gevrey ultradistributions of order a. The space E' a (ft) is the topological dual 
of E a (ft) and is identified with the space of Gevrey ultradistributions with compact support. 

Definition 5. A differential operator of infinite order P (D) = a^D 1 is called a o- 
ultradifferential operator, if for every h > there exist c > such that V7 G Z 

The importance of a-ultradifferential operators lies in the following result. 



in 

+ ' 



(13) |a 7 | < c- 



Proposition 8. Lei T £ E f a (ft) , cr > 1 and suppT C i/ien i/iere exzsi a a -ultradifferential 
operator P (D) = ^2 a 1 D 1 , M > and continuous functions f 1 G Co (K) such that 

sup \fy (x) I < M and 

T = a 7^ 7 A 

7ez™ 

The space {R m ) , a > 1, see [8], is the space of functions tp G C°° (M m ) such that V6 > 0, 
we have 

(14) IML„ = sup / ; 1 ,,, , - \d a ip (x)\ dx < 00 

Lemma 9. There exists cf) G (R m ) satisfying 

J (f)(x)dx = l and J x a <f> (x) dx = 0, Ma G Z™\{0} 

Proof. For an example of function G 5^ satisfying these conditions, take the Fourier trans- 
form of a function of the class (R m ) equal 1 in a neighborhood of the origin. Here (IR m ) 
denotes the projective Gevrey space of order cr, i.e. (M. m ) = E^ (W m ) fl (IR m ), where 
/ G E^ (R m ) , if / G C°° (M m ) and for every compact subset K of M m , Vo > 0, 3c> 0, Va G Z™, 

(15) sup|9 a /(x)| <c6 |a| (a!) CT 



□ 



Definition 6. 27ie nei e = e m (f) (-/e) , e G ]0, 1] , where (f) satisfies the conditions of lemma\ 
is called a net of mollifiers. 
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The space E a (fl) is embedded into Q u (Q) by the standard canonical injection 

1 j / - [/] = <*(/.), 

where / e = / , Ve G ]0, 1]. 

The following proposition gives the natural embedding of Gevrey ultradistributions into 

Theorem 10. The map 

Jo: ^i(fi) - ^(fi) 

(17) r - P1 = rf((r*^) /n ) e 

zs an embedding. 

Proof. Let T G E' 3cr _ 1 (Q) with suppT C if, then there exists an (3cr — l)-ultradifferential 
operator P (D) = Yl and continuous functions / 7 with suppf^ C K,Vy G Zip, and 

sup |/ 7 < M, such that 

T = ^ a,Dy, 

We have ^ 

T*<p £ (x)= a i^T I fi^ + ^v)D 1 (t>{y)dy 

Let a G Zip, then 

r(T*<Mx))i < E a 7^ / 1/ 7 (*+ eyJili^Cv) 

From (IT51) and the inequality 

(18) (0 + a)!' < 2*l /3+a la!*/5!', Vt > 1, 
we have, Wh > 0, 3c > 0, such that 



dy 



(y) dy 



E0(3<T-l)|7+Qi|t|7| i 
ca?- x - ,, 2 . ,i, 6 l7+a| x 
(7 + a)! 2 ' 7 - 1 £:It +q I 

x / /vfg + gy) ,,' , . Vyg} !, dy, 



then for /i > |, 



, (2 3 -6/i) l7+Q| 1 



^15° (T*0 £ (x))|<||0|| 6iff Mc^2 



< cexp (kie 2 CT -i^ ; 
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i.e. 

(19) \d a (T * & (x))\ <c(a)exp(fci£-5^T), 

3crl 



where k x = (2a - 1) (2 3a bh) 2 °~ 1 . 

Suppose that (T * <p e ) £ G A/" CT (fi) , then for every compact L of fl, 3c > 0, Wk > 0, 3e £ ]0, 1] 

(20) \T*<f> e (x)\ < cexp (-ke'^^j ,Vi 6 I,V£ < e 

Let x ^ -D 3<7_1 (f2) and % = 1 in a neig hborhood of K, then V0 G £ 3ct-1 (fi) , 



(T, V) = (T, = Km / ( T * <k) 0*0 X (?) ip (x) dx 
Consequently, from (l2"0l) . we obtain 

|/<r.« w *<.>H*-(-*^)^ 

which gives (T, ^) = □ 
Remark 4. We have c (a) = a! 3 ^ 1 ||0|| 6<7 Mc m ( TTgj) . 

In order to show the commutativity of the following diagram of embeddings 

zr(fi) -> £ CT (fi) 

^ ^L-i (n) ' 

we have to prove the following fundamental result. 

Proposition 11. Let f G D CT (Q) and (<p e ) e be a net of mollifiers, then 

(/-(/*0 e ) /o ) B e^(n) 

Proof. Let / G -D CT (f2) , then there exists a constant c > 0, such that 

|<9 a /(a;)| < c H+1 a! ff ,Va G Z™,Vx G Q 
Let a G Z™, the Taylor's formula and the properties of (f) £ give 

d a (f * 4>e - f) (x)= £ I ^r^ +/3 / (0 <P (y) dy, 

where x < £ < x + ey. Consequently, for b > 0, we have 

/I 1^ 
\\d a+p f{0\\<P{y)\dy 

| P |=iV P ' 

< are" V /fl^-^+WI / \ da+Pf ^\ x 
^ J (a + (3V- a 

\/3\=N J y H > 

\y\ m 
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Let k > and T > 0, then 



\d a (f * <f> £ - f) (x)\ < al' (eN*- 1 )" (^T)-" x 



j 2 CT|a+/31 {k 2 °- l bT) m 



x 

\{3\=N 



1^/(01 

(a + /?)!" 



x 



|/3[=iV 

hence, taking 2 a k 2a ~ 1 bTc < with a > 1, we obtain 



xc||0|| biCT (2^)H a ^ £ (T) 

|/3|=jV ^ ' 



(21) < \\^ a cW +1 ar (eN 2 *- 1 )" (k 2a - l T)~ N 

i 

Let e e ]0, 1] such that £q ct_1 ^ < 1 and take T > 2 2(J ~ 1 , then 

^ i \ In a i 

T^-i — 1J > 1 > -^-£2 CT -i ) \/£ < e , 



in particular, we have 

/lnr v 

-£ 2 ^-i T 2 ^- 1 — — — e: 2 ^- 1 > 1 



In a i \ 1 _ i /In a i x 1 



k 

Then, there exists N = N (e) £ Z + , such that 



k 



i /i \ -i 



In a i \ „ T /In a 



1 



i.e. 

In a i _ i 

(22) l< —e^N <T~, 

k 

which gives 

a- N <e W {-ke-^) and < — <1 



if we choose In a > 1 . Finally, from (jzlj) , we have 

(23) |«9 Q (/ * </> £ - /) (x)| < cexp (-fe-^ 

i.e. / * £ - / e N° (Q) 

From the proof, see (|2ip . we obtained in fact the following result. 
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Corollary 12. Let f G D a (Q), then for every compact K of il,\/k > 0,3c > 0,3e G 
]0,l],VaeZ™, Ve<e , 

(24) sup \d a (f * (j) £ - f) (x) | < c H+1 a! CT exp (-ke~^) 

x£K ^ ' 

5. Sheaf properties of Q a 

Let fi' be an open subset of fi and let / = (f £ ) £ + N a (fi) £ Q a (fi), the restriction of / to 
fi', denoted f/n> : is defined as 

{fe,n>) £ + M°{V)eg°{V) 

Theorem 13. The functor fi — > (fi) is a s/iea/ o/ differential algebras on W 1 . 

Proof. Let fi be a non void open of W n and (fi A ) AeA be an open covering of fi. we have to show 
the properties 

51) Uf,ge Q° (fi) such that f /Qx = g/n x , VA G A, then f = g 

52) If for each A G A, we have fx G Q a (fi A ), such that 

fx/nxnn^ = Ufa^ for all A, fi G A with fi A n fi^ 7^ 0, 

then there exists a unique f d G a (fi) with /m A = /a, VA G A. 

Let show SI, take K a compact subset of fi, then there exist compact sets Ki, K 2 , K m 
and indices Ai, A 2 , A m G A such that 

m 

XclJ^and^C^, 

i=i 

where (/ e — g e ) £ satisfies the A/^-estimate on each K iy then it satisfies the A/" CT -estimate on K 
which means (f £ — g s ) £ G Af a (fi) . 

To show S2, let {Xj)°jL\ be a C°°-partition of unity subordinate to the covering (fi A ) AgA . Set 

/:= (/4+AHfi), 

00 

where f E = J2 Xjfxje and (f\ j£ ) £ is a representative of f Xj . Moreover, we set f Xj£ = on fi\fi Aj , 
j'=i 

so that Xjfxje is C" 30 on all of fi. First Let K be compact subset of fi, we have Kj = KHsuppXj 
is a compact subset of fi Aj and (f\ j£ ) £ G £^ (^Aj)i then (xjf\js) satisfies ^-estimate on each 
Kj, we have Xj ( x ) = on K except for finite number of j, i.e. 3N > 0, such that 

00 N 

j=i 3=1 

S° {Yl Xjfxje) satisfies ^-estimate on K, which means (f £ ) £ G £^ (fi) . It remains to show 
that f/Q x = /a,VA G A. Let K be a compact subset of fi A , choose > in such a way that 

N 

Xj ( x ) = 1 on a neighborhood fi' of K with fi' is compact of fi A . For x G K, 

3=1 

N 

fe (x) ~ fxe (x) = Y Xj (x) {fxjs (x) - fxe (x)) 
j=l 
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Since (f\ j£ — fxs) £ A/" " (p,\. PI O^J and = K n suppxj is a compact subset of fl 



A' 



then Xi (/a e — /xe) J satisfies the A/"°-estimate on K. The uniqueness of such f £ G a (O) 
V=i 3 J 

follows from SI. □ 
Now it is legitimate to introduce the support of / G Q a (fl) as in the classical case. 

Definition 7. The support of f £ Q a (Q) , denoted supp^f, is the complement of the largest 
open set U such that fm = 0. 



As in [7], we construct the embedding of D' 3a _ 1 (fl) into using the sheaf properties of 

Q a . First, choose some covering (f2 A ) AeA of Q such that each Q\ is a compact subset of Q. Let 

rA o n TOTViiltr /~\t o I a rvi a n +~ o /-\t / 

Q\. For each A we define 



( / 0a)apa ^ e a family of elements of D a (Q) C -D 3ct 1 (f2) with ^ = 1 in some neighborhood of 



T - [T] A = c/((^ A T*0 £ ) /f , A ) £ 

One can easily show that ^(^a^ * 4>e) /n A J £ £^ (^a), see the proof of theorem [TU1 and that 
the family (J A (T)) AgA is coherent, i.e. 

Then if (xjYjLi is a smooth partition of unity subordinate to (f2 A ) AgA , the precedent theorem 
allows the embedding 

J a : D^-iV) - g°(n) 

(25) T -> [r] = c/^gx,(^T*0 £ ) 

We can also embed canonically D'^ a ^i (fi) into C?' 7 (f2) , see [6] for the case D' (fi) and £ (fl). 
Indeed, let ip G £> CT (B (0, 2)) , < <p < 1, y> = 1 on 5(0,1) and take G S (<t) , define the 
function p £ by 

(26) p e (x)= - <p(-)^(x\\ne\) 



It is easy to prove that, 3c > 0, such that Va G Z™, 

sup |<9> £ (x)| < c |a|+1 a! CT £- m - |Q!| 

Define the injective map 

10 T - [T] = cl {{T * p e )J 



Proposition 14. TTie map J coincides on E' 3a _ l (Q) with J( 



o- 
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Proof. We have to show that for T G E'^_ x (fi) , the net (T * (p e — e )) £ g jV ff (f2). For 
a; |lne| < 1, we have d a (p £ — <p £ ) (x) = 0, Vet G Z+. For x |lne| > 1, we have 

&*(p e -<f> e )(x) = £- m -l a l5>g)(^(x|ln£|)-l) + 

+e~ m £ ' W l^ef - 131 d p 4> (-) d a ~^ (x \lne\) 

1/31=1 5 

Then, 3c > 0,V6 > 0,V7 G Z™, 

|9« (p £ _ £ ) ( x )| < & l7l+l«l+l £ -m-|a| a ,a 7r 7 ' + £ -m Ja-fl+l^+W+l x 

VW 1/31=1 

x^l (lnel 1 ^ 1 {3\ a (a - /3)! CT 7 ! CT 



Q 

J 7 | + |/3|+1J«-/3|+1 



< 6 | 7 |+|a|+l e -m-|a| a j<T 7! «T ( £ | ln£ |)l7l + £ -m & |'„ , , ^ „, , . x 

1-81=1 

xs-W \\ne\ la ^ 1 (3\ a (a - /3)r 7 ! CT (e \\ne\) bl 
So, 3c > 0,V6 > 0,V7 G Zip, 

(28) \0 a (p £ - <P e ) (x)\ < bMM«\+l c \27+a\+l e \*r\-\a\-m | ln£ ||2 7 | al a ^y* 

As e G ]0, 1] , we have |lne| 2 < e" 1 , then V7 G Z™, 

|lne| |271 < e-lTl, 
then (EHD gives 3c > 0, V6 > 0, V7 G Z™, 

|d Q (p e - e ) (x)\ < bW+\ a \ +1 c^ +a \ +1 a\ a (2 7 )r £ M-H-™ 

Since 

(2 7 )r < 2 a|27l 7 ! 2a , 

then for N = | 7 | , we obtain 

|«9 a (p e -0 E )(x)| < fe 2Ar+|a|+l c 2iV + |a|+l 2 2Ar CTQ;riv! 2 CT£ iV-| a |-m 

< 2~" (2 2CT - W) " iV! 2 ^ x (6c) H+1 a! CT £-l a l- m 

< c'/i |Q|+1 a! CT £- |a| - m exp (- (2 2ff -W)~^ e"£) , 

where c' = cb ^2 2~ N and h = cb, then for any k take 6 > and e sufficiently small such that 



n>0 



£- |ahm exp (- (2 2fT - 1 6 2 c 2 ) 2 " e-&) < exp (-jbT^ 
Then we have 3A > 0, V/c > 0, 3e: G ]0, 1] such that We < e , 
(29) \d a (p £ - 4> e ) (x)\ < h^ +1 a\ a exp < /i |a|+1 or! ff exp f-fer^ 
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As E'^^ (fl) C E' a (fl) , then 3L a compact subset of Q such that \/h > 0, 3c > 0, and 

\T(y) , {ps - <f>e) (x -y)\ < c sup — \d% (p 6 - </> e ) (x - y)\ 

So for x G .fT, y G L and by ( |29i) . we obtain 

|(T*(p e -0 e ))(x)| <cexp 
which proves that (T * (p £ - <p £ )) e G Af a (Q) . □ 

The sheaf properties of Q° and the proof of proposition [TH show that the embedding J a 
coincides with the embedding J. Summing up, we have the following commutative diagram 

i / 

D' 3a -i (n) 

Definition 8. T7ie space o/ elements of Q a (Q) with compact support is denoted Q c (Q) . 

As in the case of Colombeau generalized functions, it is not difficult to prove the following 
result. 

Proposition 15. The space Q c (Q) is the space of elements f of Q a (Q) satisfying : there exist 
a representative (/ e ) ee i ii o,nd a compact subset K of Q such that suppf £ C K, We G ]0, 1] . 



6. Equalities in Q a (£1) 

In Q a (fl), we have the strong equality, denoted =, between two elements / = [(/ e )J and 
g = [(g £ ) £ ], which means that 

(f £ -g £ ) £ eA^(Q) 

One can easily check that if K is a compact of Q and / = [(/ e )J G Q a (Q), then yj K f £ (x) da;) e defines 
an element of C a . 

We define the equality in the sense of ultradistributions, denoted ~, where t G [a, 3a — 1] , 

by 

flg^f f (f e (x)-g e (x))<p(x)dx) eNSytpeD'iO), 



and we say that / equals g in the sense of ultradistributions. 

We say that / = [(/ e ) e ] is associated to g = [(g e ) E ], denoted / ~ g, if 

lim ! (f £ - g £ ) (x) i> (x) dx = 0, W> G D 3 ^ 1 (fi) 

6^0 J 

In particular, we say that / = [(/ e ) e ] G Q a (O) is associated to the Gevrey ultradistribution 
T G E^ (fi), denoted / « T, if 



lim / f £ (x) ip (x) dx = (T, if;) , V?/> G D (fi) 
The main relationship between these inequalities is giving by the following results. 
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Proposition 16. Let /, g G £ CT (ft) , T G Et^-i (ty, and t G [a, 3a - 1] , then 

V f — 9 =^ / ~ 9 =^ f ~ 9 =^ f ~ 9 
2) T « in Q a (SI) =>• T = in E' 3a ^ (ft) 

Proof. Easy. □ 

7. Regular generalized Gevrey ultradistributions 

To develop a local and a microlocal analysis with respect to a "good space of regular ele- 
ments" one needs first to define these regular elements, the notion of singular support and its 
microlocalization with respect to the class of regular elements. 

Definition 9. The space of regular elements, denoted £^f° (ft), is the space of(f £ ) £ G (C°° (ft))' 0,1 ' 
satisfying, for every compact K of Q, 3k > 0, 3c > 0, 3sq G ]0, 1] ,Va G Z™, We < Eq, 



sup \d a f £ (a;) | < c H+1 a! CT exp (faT^M 



Proposition 17. 1) The space £%f° (ft) is an algebra stable by the action of a-ultradifferential 
operators. 

2) The space J\f a <°° (ft) : = J\f a (ft) n £%°° (ft) is an ideal of £%°° (ft) . 

Proof. 1) Let {f £ ) £ , {g £ ) £ G £%°° (ft) and K be a compact of ft, then 3h > 0, 3d > 0, 3e i G ]0, 1] 
such that eK,\/ae Z™, Ve < e 1} 

|<9 a / e < ci a|+1 o;! CT exp (j^e"*^) 

We have also 3£; 2 > 0, 3c 2 > 0, 3e 2 G ]0, 1] such that Vx G K,Wa G Z™, Ve < e 2 , 

|^ e (x)| < c 2 a|+1 a! CT exp (jfc 2 e-3^r) 

Let a G Z™, then 

^ Iff- (/.*) Ml < ± (;) |fl~>/. M| £ |e>* Ml 

Let £ < min (£i, e 2 ) and k = k\ + k 2 , then we have Va G Z™, Vrr G X, 

exp (_ te -^) _ la. (/e9t) W | < g y l_ ; |^ /e W | 



exp ( — /c 2 e 2ct -! 



x ■ 



a 

<E' a 

(3=0 



\d P 9e (x)\ 



lot— /3| 1/3 
c l c 2 



<2 H (c 1 + c 2 ) |a| , 

i. e. {f £ ) £ {g £ ) £ G (ft) . 
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Let now P (P) = a^D 1 be an cr-ultradifferential operator, then V7i > 0, 3b > 0, such that 

1 Z-> I^l 1 

exp (-fc ie -=^r) — \d a (P (D) f £ (x))\ < exp (-k^^) £ b—— \d a+ V £ (x)\ 

< 6 exp (-**-«=.) £ — |e-7. W| 

hence, for 2 a hc\ < |, we have 

exp (-te-s^i) -L |0° (P (P) / e (x))\ < c> (2 CT Cl ) H , 

which shows that (P (P) f £ ) £ G £°f° (ft) . 

2) The fact that Af^°° (ft) = A/" CT (ft) n S^°° (ft) C ^ (ft) and Af a (ft) is an ideal of E c m (ft) , 
then A/" a '°° (ft) is an ideal of (ft) □ 

Now, we define the Gevrey regular elements of Q a (ft) . 

Definition 10. The algebra of regular generalized Gevrey ultradistributions of order a > 1, 
denoted Q^ 00 (ft) , is the quotient algebra 

C^oo ( Q] _ £m°° (^) 

It is clear that E a (ft) ^ g a '°° (ft), and it is easy to show that £ CT '°° is a subsheaf of Q° '. This 
motivates the following definition. 

Definition 11. We define the Q u '°° -singular support of a generalized Gevrey ultradistribution 
f G Q a (ft) , denoted a- singsupp g (/) , as the complement of the largest open set ft' such that 

f e g°>°° (ft') . 

The following result is a Paley- Wiener type characterization of Q^ 00 (ft) . 

Proposition 18. Let f = cl (f £ ) £ G Qc (^) > then f is regular if and only if 3/ci > 0, 3/c 2 > 
0, 3c > 0, 3e\ > 0, Ve < e\ , such that 

(30) \F(f e ) (01 < cexp (k l£ ~^ - k 2 , V£ G M m , 

where T (f £ ) denote Fourier transform of f £ . 

Proof. Suppose that f = cl (f £ ) e G Q a c (ft) n Q^°° (ft) , then 3k x > 0, 3d > 0, 3e x > 0, Va G 
Z™,V:r G P, Ve < £i, suppf £ C P, such that 

|<9 a / e | < ci Q|+1 a! CT exp (ifexe-^) 



Consequently we have, Va G Z+, 



irn^(/ £ )(oi< 



exp (— ix£) d a f £ (x) dx 



then, 3c > 0, \/e < e-y, 

I0 H \F(fe) (01 < d^o^exp (fc ie -5^i) 
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For a eZ™,3N eZ+ such that 



so 



N . , N 

— < a < hi, 



lei' l^(/ e )(OI < cH+^alH-exp^-^i 
Hence 3c > 0,ViV e Z+ 

(01 < c" +1 I0~ f ATlexp fee-^ 



which gives 

' -N 



or 



|^(/ e ) (01 exp (1 1^1^ < cexp (fc ie -5^r) 



|^(/ 6 )(0I ^CexplAne-s^i-liei' 



2c 



i.e. we have 

Suppose now that flHUl) is valid, then Ve < e Q , 



|«9 a / £ (a;)| < Cl exp (a^-^t) J |£ a |exp (-* 2 d£ 
Due to the inequality t N < N\ exp (t) , Vt > 0, then 3c 2 = c (A; 2 ) such that 



then 



|9 a / e (*)| < Cl exp (kxe-^) c[ al arj exp f-^ ^ 

< c |a|+1 a! ff exp ^i£"^t) , 
where c = max (c x J exp f-f d£, c 2 \ i.e. / e Q c '°° {ft) □ 

Remark 5. It is easy to see if f = cl (f e ) s G ^c* (^) > ^ en =^1 > 0, 3c > 0, 3£ > 0, V/c 2 > 
0,Ve<e , 

(31) \T{f e ) (01 < cexp (^e-^r + fc 2 ,Vf e R m 

The algebra (Q) plays the same role as the Oberguggenberger subalgebra of regular 
elements Q°° (Q) in the Colombeau algebra Q (ft), see [TT] . 

Theorem 19. We have 

g°>™ (n) n (n) = £ CT (n) 
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Proof. Let S G g a >°° (ft) H (£1), for any fixed x G we take ^ e J D 3<T_1 (ft) with ip = 1 

on neighborhood U of xo, then T = t/'S' G E' 3cr _ 1 (ft) . Let £ be a net of mollifiers with <f) = <f) 
and let x^D a (ft) such that x = 1 on if = supp^. As [T] G £ <T '°° (fi) , 3ki > 0, 3£; 2 > 0, 3ci > 
0,3ei > 0,Ve < ei, 

|^( X (T*^))(0|<c ie fcl£ "^-^^, 

then 

l^(x(r*^))(0-^(T)(OI = I^(x(t*4))(0-^(x^)(0I 

= I <T (x) , (x (x) e"**) * 4> £ (x) - ( X (x) e-«*) > | 
As E' 3c _ x (ft) C E' a (ft) , then 3L a compact subset of fl such that V7i > 0, 3c > 0, and 

\F( X (T * &)) (0 -T(T) (0| <c sup ^ | ( x (x) e** * £ (x) - X (*) e~^))\ 

We have e~^x G (^) , from the corollary [121 V/c 3 > 0, 3c 2 > 0, 3r? > 0, Vfe < 77, 

sup ^-|^( x (a;)e-^*0 £ (x)- X (x)e-^)| < c^"^, 

a&Z^,xeL Oil 

so there exists d = d (k 3 ) > 0, such that 

\T (T) (0 - ^ (x (T * £ )) (0 1 < c'e-^^ 1 

Let e < min (77, ex) , then 

|^(T)(0| < I^(T)(O-^(X(T*0 £ ))(OI + I^(X(T*0 £ ))(OI 

(\ 2a-l 
r I ,r £ ]0,fe[ and k$ = , then 35 > 0, 3c > 
(fe-r)ieiV " fc 2-r 

such that 

|^(T) (0l<«rW*, 

which means T = ^5 G (fi). As ^ = 1 on the neighborhood U of xo, then S G -E'' 7 ([/), 
consequently S E E a (ft) , which prove. 

g*' 00 (ft) n ^ (J _ 1 (n) c e° (ft) 

We have E a (ft) C .E^ 1 (fi) C D'^_ x (ft) and £ CT (ft) C (O) then 

E a (ft) C (fi) n D'^ (ft) 

Consequently we have 

g**° (ft) n («) = £ CT (n) 

□ 
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8. Generalized Gevrey wave front 



The aim of this section is to introduce the generalized Gevrey wave front of a generalized 
Gevrey ultradistribution and to give its main properties. 

Definition 12. We define (/) C R m \ {0} , / G Qf, (to), as the complement of the set of 
points having a conic neighborhood T such that 3k± > 0, 3/c 2 > 0,3c > 0,3eo G ]0, 1],V£ G 
r,Ve<£ , 

(32) 



\F(fs)(0\ <cexp [k^^-h 1^1 

The following essential properties of E^ if) are sufficient to define later the generalized 
Gevrey wave front of generalized Gevrey ultradistribution. 

Proposition 20. For every f G Qq (Q), we have 
1. The set E^ (/) is a closed cone. 

2- (/) = / e g°>°° (O) . 

5- E;w)cE;(/),v^^(n). 

Proof. One can easily, from definition and proposition [TBI prove the assertions 1 and 2. 

Let suppose that £ ^ Eg (/)> then 3r a conic neighborhood of £o, 3fci > 0, 3k 2 > 0, 3c\ > 
0,3e 1 G]0,l],V^Gr,Ve<e 1 , 

(33) \T{f £ ) (01 < c ie xp (/c l£ -^i - k 2 |e| 

Let x ^ -D CT (fi) , x = 1 on neighborhood of suppf, so x4> £ -D CT (^)> hence 3fc 3 > 0, 3c 2 > 
0,V£ G R m , 

(34) 1^0^) (01 <c 2 exp(-fc 3 |0^), 

Let A be a conic neighborhood of £o such that, A C T, we have, for a fixed £ G A, 

T (fe) (V) T (*V>) (V-Z)drj+ [ T (f £ ) ( V ) T ( X ^) (v - d V , 



\V\ 



where A = \ r) G R m ; |£ -r}\' < S |£| 



£ = \ r] G M m ; |f - r]\ * > 5 [ + \r) 



We choose 5 sufficiently small such that A C T and — < \rj\ < 2°" |£| , \/rj G A. Then for e < £x, 



< cic 2 exp ( he a»-i - y |0 CT ) x 



x 



(35) 



exp I — ks \ij — CT ) dr) 



< cexp ( k\e 2 — 1 - y 



As f <E (n) , from (EH), 3c 3 > 0, 3/ii > 0, 3e 2 G ]0, 1] , V/x 2 > 0, V£ G M m , Ve < e 2 , such that 

|^(/ e ) (01 < c 3 exp (n l£ -^ + & , 
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hence, for e < min (ei, £2) , we have 
/ T (f £ ) (77) T (xtf) (v ~ dv < c 2 c 3 exp(iii£~^J / exp (u 2 \tj\' - k 3 \r] - f|» J dr] 

J B J B 

< cexp (jii£~^=^ J exp ^/i 2 \q\° - k 3 S + |npjj di], 

then, taking /i 2 < ^5, we obtain 



(36) 



J T (f £ ) (rj) T ( X ip) (v -Odrj < cexp - k 3 5 |f | 



Consequently, ([35]) and ([36]) give £ £ Eg W) ■ n 
Definition 13. Let f G Q a (ft) and x G ft, the cone of a-singular directions of f atx , denoted 

(37) (/) = P| (0/) : G -D 17 (ft) and = 1 on a neighborhood o/x | 

Lemma 21. Le£ / G £ CT (ft), £/ten 

(/) = .t ^ a-singsupp g (f) 

9,330 

Proof. Let x ^ cr- singsupp g (/) , i.e. 3Z7 C ft an open neighborhood of x such that / G 
^ CT ,oo ^ let ^ e ^ guch that = 1 on a neighborhood of x Q , then 0/ G ^ <T '°° (ft) . Hence, 

from the proposition [20] Eg (4>f) = 0, i-e. Eg,^, (/) = 0- 

Suppose now Eg,^ (/) = 0, let r > such that B (x , 2r) C ft and let ip e D a (B (x , 2r)) 
such that < ip < 1 and t/> = 1 on B (x , r). Let ipj ( x ) — 4> (3 J (a; — x ) + x ) then it is clear 
that supp (ipj) C B (xo, |j) C ft and ipj = 1 on B (xq, ^j) , we have V0 G D a (ft) with = 1 
on a neighborhood C/ of xo, 3j G Z + such that supp (ipj) C C/, then -0j/ e = ipj(pf £ and from 
proposition [20] we have 

's z — '9 

which gives 

(38) n (ei (wi) = 

We have -0j = 1 on supp (ipj+i) , then Eg (4>j+if) C Eg hPjf)i so from (1HSI) . there exists n G Z + 
sufficiently large such that (V> n /) G £ CT '°° (ft) , then / G £ CT '°° (5 (x , £)) , which means. Xo ^ cr- 
singsuppg (/) . □ 

Now, we are ready to give the definition of the generalized Gevrey wave front. 

Definition 14. 4 poirai (ar ,£ ) t WF° (f) C ft x M m \ {0} z/£ £ Eg,x (/) > z - e - i/iere exwts 
G -D°" (ft) , (a;) = 1 neighborhood of x , and conic neighborhood T of £ ; 3&i > 0, 3k 2 > 
0, 3c > 0, 3e G ]0, 1] , such that V£ G T, Ve < e , 



i^(0/ e ) (01 < cexp (k ie -*^ - h iep 



The main properties of the generalized Gevrey wave front WF° are resumed in the following 
proposition. 
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Proposition 22. Let f E G°~ (Q), then 

1) The projection of WF° (/) on Q is the a— singsupp g (/) . 

2) If f e Q a c (O) , then the projection of WF° (/) on R m \ {0} zs Y7 g (/) • 
5) Va G Z™, W Fg {d a f) c tfF; (/) . 

^; e g°>°° (ft) , wf; (<?/) c h^f; (/) . 

Proof. 1) and 2) hold from the definition, the proposition |2"U1 and lemma |2"T1 3) Let (xo>£o) ^ 
lyFJ (/), then 30 G P CT (ft) , = 1 on a neighborhood £7 of xo, there exist a conic neighborhood 
T of f , 3fei > 0, 3£; 2 > 0, 3ci > 0, 3e G ]0, 1] , such that V£ 6 r,Ve < e , 



(39) |JT(0/ £ ) < Cl exp - £; 2 |£p 

We have, for ip G P CT (Z7) such that ip (x ) = 1, 

i^(v«/ e )(e)i = i^(9(v/ e ))(o-^((^)/ £ )(oi 
< ieii^(^/ £ )(oi + i^((^)0/ £ )(oi 

As tfF; C WFg (f) , then ([39]) holds for both \T {ij)(j)f e ) (01 and |JF((dV>) 0/ £ ) (01 • So 

ien^(^/ £ )(oi < cieiexp^-^-^ier 

< c'exp ykiE~^=i — k 3 |£|- 



with c' > 0, A; 3 > such that |0 < c'exp (Jfe 2 - fes) |f ]* • Hence ([31]) holds for \F{ij)df £ ) (01 , 
which proves (x ,£o) ^ WF° (df) 

4) Let (x , £0) ^ W^F 9 ff (/), then 30 G P CT (ft) , = 1 on a neighborhood C/ of x , there exist 
a conic neighborhood T of £0, 3&i > 0, 3/c 2 > 0, 3cj > 0, 3e G ]0, 1] , such that V£ G T, Ve < £q, 



|^(0/ £ ) (01 < ciexp (k x e-^ - h |0" 



Let ip G -D CT (ft) and ?/> = 1 on suppcfi, then JF (4>g e f e ) = T (ipg e ) * F {.4>fe) ■ We have G 
^ (ft) n (ft) , then 3c 2 > 0, 3A; 3 > 0, 3A; 4 > 0, 3ei > 0, V£ G M m , Ve < £1, 

l-F^fc) (01 < c 2 exp (a^^ 1 _ fc 4 , 

so 

^(&fe/ 6 )(0 = / r{<l>fe)(v)r{ii>9s){V-t)d7i+ [ ^(<t>fe)(v)^(^9e)(v-0dr], 

J A J B 

where A and B are the same as in the proof of proposition [201 By fl3Tl) . we have 3c > 0, 3/^ > 
0, V/i 2 > 0, 3e 2 > 0, V£ G M m , We < e 2 , 

(01 < cexp ^ l£ -a^i + /i 2 10-) 

The same steps as the proposition [20] finish the proof. □ 

Corollary 23. Lei P (x, D) = a a (x) D a be a partial differential operator with g a <°° (f2) 

\a\<m 

coefficients, then 

WF° (P (re, D) f) c WF° (/) , V/ G 0" (ft) 
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Remark 6. The reverse inclusion will give a generalized Gevrey microlocal hypoellipticity of 
linear partial differential operators with regular Gevrey generalized coefficients. The case of 
generalized Q°° —microlocal hypoellipticity in Colombeau algebra has been studied recently in 

We need the following lemma to show the relationship between WFg (T) and WF a (T) , 
when T G (ft). 

Lemma 24. Let <p G D a (B (0, 2)) , < <p < 1 and <p = 1 on B (0, 1) , and let <p G S {a) , then 
3c > 0, 3u > 0, 3e > 0, Ve G ]0, e Q ] , V£ G R m , 

\Pe(0\<ce- m e-^^\ 
where p £ (x) = (^) m 0(|)<^(x|lne|), and p denotes the Fourier transform of p. 
Proof. We have, for e sufficiently small, 

e m < \lne\' m < 1 

Let (ei m , then 



Pe(0 



I In el 



drj 



where A = |r/; |^ — r/| CT M0 CT + M CT J } and = |r/; |£ — rj\ a > 5° + 



We 



lei 



choose 5 sufficiently small such that — < \rj\ < 1 a |0 G A$. Since (p G L> CT (ft),0 G 
then 3fc 1; fc 2 > 0,Bc u c 2 > 0, V£ G M m , 



£(01 < ciexp (-&! ) and 0(0 < c 2 exp (-k 2 \£\ 



So 



Ji = llnel 



< Cic 2 exp — fc 2 1 x 



x / exp I — kiE" \i — Tj\ a \ drj 



Let z — e (rj — , then 



/, < r- " ; exp ( -~ |lne| * |0' 



exp ( — &4 |z| CT ) < ce m exp ( — ue^ |0 
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For I2, we have 

h = line 



B 



V 



|lne I 



drj 



0(e (£-v))<P 

< C1C2 I exp ^— &i£> |£ — 77 1 » — fc 2 line)" |r/|~ J dr? 

< C\C2 exp ( — fcxfe^ |£p ) / exp ( — fci<fe> |?y| ^ — fc 2 |hi£| 



< C1C2 exp y— k\be° |£| CT J / exp y — kc a 1 77 1 CT J dTj 

< ce~ m exp (—ve° 



B 



B 



a n cr 



("/?/ 



Consequently, 3c > 0, 3t> > 0, 3e > 0, , Ve < £0 such that 

\Pe (01 < ce- m exp (-^ lep) , Vf G W m 

We have the following important result. 
Theorem 25. Lei T £ (O) n G a (fl) , toen W Fg (T) = (T) . 

Proo/. Let 5 G ^ (T _ 1 (O) C (fi) and ip G -D CT (fi) , we have 

1-F (V> (5 * &)) (0 - ^ (V>S) (0 1 = j (S (x) , (V (ar) e"**) * £ (x) - (x) e*>) 
then 3L a compact of Q such that V7i > 0, 3c > 0, 



□ 



d a x (ijj (x) e~^ x * 4 (x) - V (x) e"**)) 



We have e~^V £ (^) > fr° m corollary [121 3c 2 > 0, \/k > 0, 3t? > 0, Ve < 77, 



(40) 



M 

sup — — 



d a x U (x) e~** * £ (x) - $ (x) e^ x 



< c 2 e 



so there exist d > 0, V/^o > 0, 3?7 > 0, Ve < 77, such that 

(41) |^ tyS) (0 -Fty{S* &)) (0 1 < c'e-^"^ 1 

Let T G (ft) n £ ff (ft) and (x Q , £0) $ WF° g (T), then there exist x^ D a (Q),x (x) = 1 in 

a neighborhood of x , and a conic neighborhood T of £ > > 0, 3/c 2 > 0, 3ci > 0, 3e G ]0, 1[, 
such that V£ G T, Ve < e , 



(42) l^(x(T*p £ ))(e)i < de**'*^-*!*!' 

let ?/> G -D CT (O) equals 1 in neighborhood of xo such that for sufficiently small e we have \ = 1 
on swpp^ + 5 (0, |j^J , and let y2 G L> a (B (0, 2)) , < if < 1 and (p = 1 on £? (0, 1) , then there 
exist £0 < 1) such that We < Eq, 

ip(T* p £ ) (x) = ip (x T * Pe) (x) 
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where p £ (x) = —<P {% [ In. s | ) <p yj- As XT G E' Za _ x (fl), then, from proposition CE 

4>(T * p £ ) (x) = ip ( X T * pe) (x) = i/> ( X T * <Pe) (x) 
Let e < min (77, e ) and C G T, we have 

i^cwcoi < \^(m(o-^^(T*p £ ))(o\ + \^(x(T*p £ ))(o\ 

< \F & X T) (C) - F (V> (XT * £ )) (0 1 + |^ ( X (T * p e )) (0 
then by (jUJand (|12j) , we obtain 

|^(^T) (0| <c'e 
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Take c = max (c', ci) , e 
such that 



2(7-1 



>2-r)|£| ; 



r G ]0,fc 2 [,fc 



ko-r 



then 35 > 0, 3c> 0, 



(01 < ce-^l^, 

which proves that (x , Co) £ W ff (T) , i.e. WF a (T) C WFg (T) . 

Suppose (xo, Co) ^ WF a (T), then there exist x G (fi) , x (^) = 1 in a neighborhood of xo, 
a conic neighborhood T of Co, 3A > 0, 3ci > 0, such that V£ G T, 

(43) \T ( X T) (0| < Cl e- A l^ 

Let also ^ G -D°" (f2) equals 1 in neighborhood of xq such that for sufficiently small e we have 
X = 1 on suppip + ^0, ||^| J , then there exist e < 1, such that We < e , 

ip(T* p £ ) (x) = i> (xT * p £ ) (x) 

We have 

T (V> (T * p.)) (0 = y ^ (V) (£ - V) F (XT) (v) T (p £ ) (r,) dr, 
Let A be a conic neighborhood of Co such that, AcT. For a fixed £ 6 A, we have 



^(^( X T*p £ ))(0 



where A = |C — 77] CT < 5 ( |C| CT + 

choose 5 sufficiently i 
3/i > 0,3c 2 > 0,VC G 



.F (V) (C - »7) T (XT) (v) T (Pe) (v) dr) + 
F W - V) F (XT) (v) F (Ps) (V) dv , 
and B = jr/; |C — r}\ * > 5 \ + \r, 



We 



choose 5 sufficiently small such that A C T and — < \r,\ < 2 a |C|. Since ip G -D°"(f2), then 



|-F(V0 (01 <c 2 exp -p|0 



Then 3c> 0, 3 £o G ]0,l[,Ve < e , 

(C-^)^(XT) (v) F (p e ) ft) dr, 



< cexp ( -- |Ch ) x 



x 



ex P ( \V - CI CT ) F (Pe) (v) dr] 
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From lemma EH 3c 3 > 0, 3u > 0, 3e > 0, such that \/e E ]0, e ) , 

\F{pe) (01 <C3£-V £l ^,V(6K ra , 

then 3c > 0, such that 

A 



^ (VO (£ - ^) ^ (XT) fa) ^ (p e ) (77) di7 



< ce: exp 



X 



x I exp ( — n 1 77 — CT ) exp ( — ve< 



We have 3A; > 0, Ve G ]0,e ] 



(44) 
so 

(45) 



£ m exp ( — z/£> \rj\ ct ) < exp ( ke 2ct - 1 



< r-cxi> ( fee 2 --! - ^ 



As xT G (fi) C K (fi) , then V/ > 0, 3c> 0, V£ G M" 

|^(XT) (01 <cexp (/|0- 

hence, we have 

^ (VO (t-v)? (XT) (V) T (p £ ) (77) d V 



< c / exp(l\r]\- -/i|r7-C| CT ) \T{p e )\dr] 
b Jb v 

< c'e- m exp x 
x J exp ^(Z — fi5) \rj\~ — ue* \rj^ ) dr], 

then, taking I — fi5 = —a < and using (|44|) . we obtain for a constant c > 0, 



(46) 



^ty) (e-fi)^(xT) (v) F (Pe) (V) dv 



B 



<cexp[ke 2^-1— 



Consequently, ([IS]) and (T46|) give 3c > 0, 3&i > 0, 3k 2 > 0, 
(47) \T{$ (T * p £ )) (0| < cexp (k ie ~^ - k 2 |£p 

which gives that (ar 0> £0) £ W^ g CT CO , so WF° (T) C W F a (T) which ends the proof. □ 

9. Generalized Hormander's theorem 

To extend the generalized Hormander's result on the wave front set of the product, define 
WFg (/) + WF a g (g) , where f,g e G a (Q) , as the set 

{ {x,£ + v ) ; (x, e wf; (/) , (x, 77) g (<?) } 

We recall the following fundamental lemma, see |TT] for the proof. 
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Lemma 26. Let Ei> E2 be cl° se d cones in W m \ {0} , such that ^ Ei + E2 > ^ en 

i) Ei + E 2 Rm/W = (Ei + E 2 ) u Ei u E 2 

zzj For any open conic neighborhood F 0/E1 + E2 ^ n K m \ {0} , one can /md open conic 
neighborhoods o/Ti, T 2 in W n \ {0} 0/, respectively, E15E2 > s,uc ^ 

rx + r 2 c r 

The principal result of this section is the following theorem. 
Theorem 27. Let f,g G Q a (O) 7 suc/i iaai Vx G O, 

(48) (x,0)^H/F;(/) + W;(a) ) 
then 

(49) WF; (/a) C (WFJ (f) + WF° g (g)) U WF° (f) U WFJ (g) 

Proof. Let (x , Co) t {WF° (f) + (g)) U WF/ (/) U WF° (g) , then 30 G D CT (Q), (z ) = 

1, £0 ^ (e; (0/) + e; (^)) u e; (0/) u e; (</><?) ■ (hhd we h ave $ z a g m + e; m 

then by lemma [2S i) , we have 

& i (E (*/) + E M u E u E &o = E + E ^ 

V-^^9 ^^9 / z — '9 z — '5 z — '9 z — '9 

Let r be an open conic neighborhood of Eg (0/) + Eg (4>g) m ^ m \ {0} sucn that £o ^ T 
then, from lemma [26] ii), there exist open cones Y\ and r 2 in W n \ {0} such that 

E" (<Pf) c r 1; E" c r 2 and r x + r 2 c r 

z — '9 Z — '9 

Define T = M m \f , so 

(50) r n r 2 = and (r - r 2 ) n v l = 

Let f G r and £ G ]0, 1] 

F{<t>fs<f>g e ){0 = (^(0/ e )*^(«)(O 

^ (£ - »j) ^ fe) («) d V + ! r {He) {£-V)F (He) (v) ^ 

J r c 

= /i(0+/a(0 
From (|5DJ), 3ci > 0, 3^, A; 2 > 0, 3^ > such that \/e < e u Vr? G r 2 , 

(£~V)< Ciexp ^e - ^! _A; 2 |^-77|-J , 

and from ([SI]) 3c 2 > 0, 3A; 3 > 0, Vfc 4 > 0, 3e 2 > 0, Vn G M m , < e 2 , 

\^(4>9e) (v)\ < c 2exp ^e"^ + A; 4 |n|- J 

Let 7 > sufficiently small such that |£ — r}\* > 7 + \t]\"'\ , V77 G T 2 . Hence for e < 
min (ei,e 2 ) , 

\h (01 < cic 2 exp ^(fci + k 2 ) £"2^1 - /c 2 7 / exp ^-/c 2 7 I"! 7 + &4 I"! 7 j ^ 



r 2 
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take hi > k 2 / y, then 

(51) \h(0\<c'exp(k[e'^ -k' 2 \^ 

Let r > 0, 

MO = [ r M) (t - v) ? (M to) dri + [ r M) (t - v) r (M to) dv 



- 2 ,1{|T/|<rK|} ^r§n{|r,|>r|^|} 
hi (0 + h2 (0 



Choose r sufficiently small such that jM CT <r|0 CT j =>■ £ — 77 r ± . Then |£ — r]\° > 

(1 - r) |0 ^ > (1 - 2r) + , consequently 3c 3 > 0,3Ai,A 2 ,A 3 > 0, 3e 3 > such that 

V£ < £3, 



\hi (01 < c 3 exp^Ai£ 2--ij j exp^-\ 2 \£-ri\* -\ 3 \ri\^dr] 

< c 3 exp - A 2 |0*) J exp (-\M°) 

< 4exp(A 1 £-^i-A' 2 |ep) 



ci?7 



If |?y| ct > r |0 ct , we have |?7| CT > , and then 3c 4 > 0, 3/ii, ji 3 > 0, VyU 2 > 0, 3e 4 > 

such that Vfe < e 4 , 

1-^21 (01 ^ c 4 exp ^i£ _ 2^i j J exp(jj, 2 \€-r)\" ~ falvl^dr) 

< c 4 exp^ 1 £ - ^^ / exp ^ 2 |^ — 77I " -l4\v\° -f4\t\") d V, 



if take /i 2 < ^ (l + ^) , we obtain 

I/21 (01 <c 4 exp (^e-a^i-^ |0^), 
which finishes the proof. □ 
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